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Momentum relaxation of a charged particle by small-angle Coulomb collisions

K. Nanbu
Institute of Fluid Science, Tohoku University, Sendai 980-77, Japan

~Received 30 June 1997!

The theory on Coulomb collisions in plasmas has been previously presented@K. Nanbu, Phys. Rev. E55,
4642~1997!#. The theory is based on the relaxation equation for the scattering angle and the model equation for
the probability density function of the scattering angle. The validity of both equations was ascertained by
numerical simulations in the above paper. It is shown that the first equation, which describes the relaxation of
the momentum of a particle, can be derived analytically.
@S1063-651X~97!05212-4#

PACS number~s!: 52.20.Fs, 52.65.Pp, 02.70.Lq, 52.80.2s
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It would be much better if important equations in phys
could be verified analytically instead of numerically. In th
Brief Report I analytically derive Eq.~9! in my previous
paper@1#. It is the key equation in the theory of cumulativ
small-angle collisions in plasmas. Here all symbols a
equations in the previous paper are used without explana
Equation~9! in Ref. @1# can be rewritten as

^cosxN&5e2s. ~1!

Since the momentum of a particle in the initial direction
proportional to cosxN , Eq.~1! represents the relaxation of th
mean momentum in this direction.

Equation~1! can be derived by use of the equations in t
Appendix of Ref.@1#. The scattering anglesu1 , u2 ,... in
small-angle collisions are mutually independent rand
variables whose probability density functions are identic
Let h(u) be a function. By use of Eq.~A9! in Ref. @1# the
expectation̂ cosxN& is given by

^cosxN&5E •••E J~u1 ,u2 ,...,uN!h~u1!

3h~u2!•••h~uN!du1du2•••duN , ~2!

where

J~u1 ,u2 ,•••,uN!
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3@A~N21!A~N22•••A~1!# i3dw1dw2•••dwN . ~3!

The integrand of Eq.~3! is a linear function of the element
of vectorGi

(N) and matricesA(1), A(2),..., A(N21); the prod-
uct of two elements belonging to the same matrix does
appear. Also,wN is included only inGi

(N) andwk is only in
A(k), wherek51,2, . . . ,N21. Taking these into consider
ation, we can rewrite Eq.~3! as
@1# K. Nanbu, Phys. Rev. E55, 4642~1997!.
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J~u1 ,u2 ,...,uN!5Ḡi
~N!@Ā~N21!Ā~N22!•••Ā~1!# i3 , ~4!

where
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Equation~4! now takes the form

J~u1 ,u2 ,...,uN!5)
k51

N

cosuk . ~5!

Substitution of Eq.~5! into Eq. ~2! yields

^cosxN&5^cosu1&
N, ~6!

where ^cosu1&5*h(u1)cosu1du1 is the expectation of cosu1
and use is made of̂cosu1&5^cosu2&5•••5^cosuN&.

Note that Eq.~6! has been derived by no use of the a
sumption thatu1 ,u2 ,...,uN!1. Introducing this assumption
we then have

^cosxN&.S 12
1

2
^u1

2& D N

.F S 11
1

xD xG2s

, ~7!

where x522/̂ u1
2& and s5^u1

2&N/2. Taking the limit of
^u1

2&→0 under the condition thats is fixed, we then have Eq
~1!.
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